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Vibration of Geometrically Imperfect Panels
Subjected to Thermal and Mechanical Loads
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The results of a study of the vibration response of transversely isotropic flat and curved panels subjected to
temperature fields and to mechanical loads into the postbuckling load range are presented. The results were
obtained using a higher-order transverse-shear-deformation theory of shallow shells that includes the effects of
geometric nonlinearities and initial geometric imperfections. The results focus on the interaction between the
temperature field, the applied mechanical load, and the fundamental frequency associated with small vibrations
about the prebuckling and postbuckling equilibrium states. Results are presented for a wide range of temperatures
and mechanical load magnitudes and of geometric parameters. The results show that transverse-shear flexibility
has a significant effect on the analytical prediction of panel response and that the fundamental frequency of a panel
may be substantially overestimated in the prebuckling load range and underestimated in the postbuckling load
range. Results are also presented that indicate that the fundamental frequency of flat panels generally increases
as the initial geometric imperfection amplitude increases for both the prebuckling and postbuckling load ranges.
The results, however, also indicate that the fundamental frequency of curved panels generally decreases in the
prebuckling load range and increases in the postbuckling load ranges.
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= initial geometric imperfection amplitude
= modal amplitudes
= modal amplitudes of the initial geometric

imperfection shape
= modal amplitudes defining a static equilibrium

state
= modal amplitudes defining small vibrations

about a static equilibrium state
= eigenvector for small vibrations about a static

equilibrium state
= planform coordinates of the panel
= transverse coordinate of the panel
- coefficients of thermal expansion in the surface

and transverse to the surface of the panel
= Helmholtz potential function
= nondimensional initial geometric imperfection

amplitude
= thermal compliances in the surface and

transverse to the surface of the panel
= nondimensional wave number in the x\

direction of the panel
= nondimensional wave number in the x2

direction of the panel
= Poisson's ratios in the surface and transverse to

the surface of the panel
= fundamental frequency of the panel
= nondimensional fundamental frequency of the

panel

Introduction

FUTURE high-performance flight and launch vehicles, such as a
supersonic trarisport or a hypersonic reuseable launch vehicle,

have several design challenges associated with elevated tempera-
tures caused by high speed. In 1956, Bisplinghoff1 identified the
effects of elevated temperatures on the aeroelastic behavior of high-
speed aircraft structures as an especially important design consider-
ation that needs further investigation and development. The design
of other classes of high-speed vehicles are affected in a similar man-
ner, and the same need applies for these vehicles as well. The present
study addresses this need at a fundamental level by examining the
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vibration of flat and curved panels subjected to thermal and mechan-
ical loads.

Several studies of the behavior of panels and shells subjected
to elevated temperatures have been conducted during the past 40
years. Recent comprehensive reviews of the behavior of plates and
shells subjected to elevated temperature fields2"4 have identified a
need to understand better the effects of temperature fields on the
vibration response of these structures when subjected to combined
thermal and mechanical loads, especially in the postbuckling load
range. Changes in the vibration characteristics of plates and shells
also affect the dynamic response and flutter characteristics of these
structures5'6 that can ultimately affect the stability and control of
the vehicle. With the exception of Ref. 7, it appears that previous
studies of the effects of temperature or mechanical loads on the
vibration characteristics of buckled structures have focused on flat
plate subcomponents.8"10 In Ref. 7, the vibration of infinitely long
cylindrical panels made of isotropic material and subjected to ther-
mal loads in the prebuckling and postbuckling equilibrium states
was investigated. Other similar studies of the effects of temperature
on the response of structures have focused on the dynamic behavior
of heated space structures.n

This paper focuses on the vibration of flat and cylindrical panels
made of transversely isotropic materials and subjected to combined
thermal and mechanical loads in both the prebuckling and post-
buckling equilibrium states. The mechanical loads include lateral
pressure and in-plane compression loads, and the thermal loads in-
clude both spatially uniform and linear through-the-thickness tem-
perature fields. The effects of initial geometric imperfections and
transverse-shear deformation are included in the analysis. Results
are presented that show the effects of combined mechanical and
thermal loads, initial geometric imperfections, and transverse-shear
deformations on the vibration response of the panels.

Analysis Description
The analysis used in the present study is based on a higher-order

transverse-shear-deformation theory that includes the effects of geo-
metric nonlinearities and initial geometric imperfections. Since the
details of the theory are lengthy, only a summary of the analysis
is presented in this paper. Details of the analysis can be found in
Refs. 12 and 13.

Thermoelastic Constitutive Relations
The thermoelastic constitutive equations used for the present

study are for homogeneous shallow shells with uniform thickness.
The shell material is elastic and transversely isotropic, with the plane
of isotropy coinciding with the tangent plane at each point of the
shell reference surface. The corresponding constitutive equations
are characterized by five elastic constants and two thermal coeffi-
cients. The elastic constants and thermal coefficients that character-
ize the plane of isotropy of the material are the elastic modulus E,
Poisson's ratio v, and the thermal compliance A.. The elastic modulus
E'9 Poisson's ratio v', the shear modulus G', and the thermal compli-
ance A/ characterize the material behavior perpendicular to the plane
of isotropy. Equations showing the relationship between the thermal
compliances, A. and A/, and the corresponding coefficients of thermal
expansion, a and a', are given in Refs. 14 and 15. For transversely
isotropic materials, the transverse thermal expansion coefficient a'
is often much larger than the tangential coefficient of thermal expan-
sion a. In addition, the transformed reduced thermoelastic constitu-
tive equations used in the higher-order transverse-shear-deformation
theory indicate that the thermal compliances depend on the ratio of
the elastic moduli E/E'. The corresponding equations based on
classical shell theory do not depend on this ratio.

Nonlinear Boundary-Value Problem
In the present study, the nonlinear equations governing the dy-

namic response of shallow shells are posed as an extension of the
classical von Karman-Marguerre-Mushtari nonlinear shallow shell
equations that include the effects of geometric imperfections and
transverse-shear deformations. An Airy's stress function is used to
eliminate the shell in-plane force equilibrium equations. The com-
patibility equation for the membrane strains is included as a primary

field equation of the nonlinear boundary-value problem along with
the remaining shell out-of-plane force equilibrium equation and the
two moment equilibrium equations. A partially inverted form of the
constitutive equations is introduced in which the membrane strains
are expressed in terms of the Airy's stress function and the trans-
verse displacement, and the bending stress resultants and transverse
shear stress resultants are expressed in terms of the rotations and
the transverse displacement. Substituting these special constitutive
equations into the three remaining shell equilibrium equations and
into the strain compatibility equation yields four coupled partial dif-
ferential equations in terms of the stress function, the transverse dis-
placement, and the two rotations. The equations are reduced further
by expressing the rotations in terms of the transverse displacement
D3(;ci, jc2, t) and a potential function F(;CI, x2, t), where x\ and x2
are the planform coordinates of a panel an t denotes time. Substitut-
ing the resulting expression into the out-of-plane force equilibrium
equation yields an equation in terms of the stress function and the
transverse displacement, whereas its substitution into the moment
equilibrium equations yields a single Helmholtz type boundary-
layer equation in F that is totally uncoupled from the other equations.
In general, however, the boundary-value problem remains coupled
through the five boundary conditions at each edge of the shell.

The boundary conditions considered in the present study are sim-
ply supported boundary conditions. For these boundary conditions,
the edges of a shell are free to move tangentially when unloaded.
For simply supported boundary conditions, the nonlinear boundary-
value problem is uncoupled with respect to the potential function F
and the solution to the Helmholtz type boundary-layer equation in F
is F = 0. Thus, for shells with simply supported edges, the nonlin-
ear boundary-value problem reduces to two partial differential equa-
tions in terms of the Airy's stress function and the transverse deflec-
tion i>3. These two equations are referred to herein as the von Karman
type compatibility and transverse force equilibrium equations.

Solution of the Nonlinear Equations
The nonlinear boundary-value problem in the present study is

solved using Galerkin's method. First, the transverse deflection is
expressed in terms of functions that satisfy the simply supported
boundary conditions

2, 0 = Wmn(t) SH1 A.m*i SH1 flnX2 (i)
where A.m = mn/l\, jjin = nn/i2, and wmn(t) are the modal ampli-
tudes, and t\ and t2 are the panel planform side lengths. Following
the results presented in Ref. 16, the initial geometric imperfection
$3 is expressed as

where wmn are the modal amplitudes of the initial geometric imper-
fection shape. Similarly, the applied temperature and pressure fields
are represented by

M N

, x2) = Tmn sin Am*i sin ̂ n (3)

M N

T(xi ,x2) = JP Tmn sin \m x\ sin \jin x2 (4)

p3 (jci, x2) = y J y. Pmn sin Xmx\ sin [jLnx2 (5)
m=1n = 1

o i
where J and T enter into the analysis through the constitutive equa-
tions and are expressed in terms of the temperatures of the panel with
the transverse coordinates *3 — h/2 and — ft/2, which are denoted
by TI and Te, respectively, and are given by

T =

2
Tt-Te

ft

(6)

(7)
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The temperature field is given by

T(xi,x2, x3) = + x3(xi,x2) (8)

The displacement expansions are substituted into the von Karman
type compatibility equation, and the Airy's stress function is
obtained by solving the resulting linear nonhomogeneous partial
differential equation. The remaining nonlinear partial differential
equation is the von Karman type equilibrium equation and is con-
verted into a set of nonlinear ordinary differential equations us-
ing Galerkin's method. This procedure yields the following set of
M x N nonlinear ordinary differential equations for each set of
wave forms determined by the index pair (m,n):

+ prsBrs - TrsCrs + Pi[wrs, WrS, LI, L2]

, A , , V / l = 0 (9 )
where the indices r and s are not summed and have the val-
ues r = 1, 2, . . . , M and s = 1, 2, . . . , N. In Eq. (9), PI and
P4, P2» and P3 are linear, quadratic, and cubic polynomials of the
unknown modal amplitudes wrs(t), respectively. The coefficients
Ars, Brs, Crs, and Rrs are constants that depend on the material and
geometric properties of the shell and L\ and L2 are normalized
forms of the inplane stress resultants representing the mechanical
loads.

Equations for Static-Equilibrium States and Small Vibrations
The main emphasis of the present study is on the vibration re-

sponse of flat and cylindrical panels that are loaded quasistatically
into the postbuckling load range. To obtain the equations that gov-
ern the static prebuckling and postbuckling equilibrium states and
small vibrations about these equilibrium states, the unknown modal
amplitudes are expressed as

wrs(t) = wrs + wrs(t) (10)

where wrs (t) represents small vibrations about a mean static equilib-
rium configuration described by wrs. The vibrations are considered
small compared to wrs and the imperfection amplitude WTS in the
sense that

for all values of the indices r and s. The equations for the static
prebuckling and postbuckling equilibrium states are obtained by
discarding the inertia terms given by Arswrs in Eq. (9) and recog-
nizing that the solution to the resulting equation is wrs. The equa-
tions for small vibrations about a given static equilibrium state are
then obtained by substituting Eq. (10) into Eq. (9) and enforcing the
smallness condition given by Eq. (11). The resulting equations of
motion are given by

where

Grs = Grs(wrs, W2
rs, u£, Wrs, Prs, Trs, Trs)

(12)

(13)

for values of r = 1, 2, . .• . , M and s = 1, 2, . . . , Af. The constant
coefficients Ars are functions of the material and geometric proper-
ties of the shell.

Equation (12) govern small vibrations about a given equilibrium
state and are solved for synchronous motion by expressing wrs (t) as

.7, (f\ —wrs\!) — (14)

Substituting Eq. (14) into Eq. (12) yields an algebraic eigenvalue
problem given by

Grswrs = (ji>2
rsArswrs (15)

for values of r = 1,2,. . . , M and s = 1, 2 , . . . , N. The frequencies
cors in Eq. (15) are the unknown quantities to be found and the
corresponding amplitudes wrs are indeterminate.

Geometrically perfect panels

Geometrically Imperfect panels

a)

Upper limit load
of imperfect
curved panel

Lower limit load
of perfect -

curved panel
Lower limit load X

of imperfect
curved panel

Bifurcation load
of perfect flat

panel

Load, P Bifurcation Load of I
perfect curved

/ panel Curved panels

,

Flat panels

End shortening, A

Geometrically perfect panels

Geometrically imperfect panels

Curved panels

Fundamental
frequency
squared,

b)

Load, P

Region of physically
inadmissible solutions

Fig. 1 Response curves for flat and curved panels loaded in compres-
sion: a) static load vs end-shortening curves and b) load frequency

Computational Approach
The solution of Eq. (12) begins with the determination of the

static equilibrium states of a flat or curved panel over a given range
of a load parameter. The static load vs end-shortening curves for
these structures with and without initial geometric imperfections
are shown in Fig. la. The curves in this figure indicate that the
load vs end-shortening curves for flat and curved panels are signif-
icantly different. Flat panels exhibit a stable postbuckling response
for which no reduction in load-carrying capacity occurs at buckling,
and the response is not sensitive to initial geometric imperfections.
This characteristic of flat panels is indicated in the figure by the
close proximity of the curves for the corresponding imperfect and
perfect flat panels and the positive slopes of the curves for values of
the load greater than the bifurcation load.

Curved panels, however, exhibit an unstable postbuckling re-
. sponse and the load-carrying capacity of the curved panel is reduced
to a value below the bifurcation load when the response jumps to a
new stable equilibrium configuration at a limit point. The response
of curved panels can be very sensitive to initial geometric imperfec-
tions. This characteristic of curved panels is indicated in Fig. la by
the lack of close proximity of the bifurcation load of a perfect curved
panel and the limit point of the corresponding imperfect curved panel
and by the negative slope of the load vs end-shortening curve of the
perfect curved panel in the initial postbuckling load range.

The static equilibrium configuration for a given flat or curved
panel is obtained by solving the nonlinear algebraic equations given
by Eqs. (9) via Newton's method. After obtaining the static equilib-
rium configuration of a panel for given values of the loading param-
eters, the coefficients Ars and Grs in Eq. (12) are computed, and the
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linear algebraic eigenvalue problem defined by Eq. (15) is solved. In
some instances, Eq. (15) possesses negative eigenvalues that corre-
spond to pure imaginary fundamental vibration frequencies. For the
panels investigated herein, the pure imaginary fundamental frequen-
cies correspond to unstable branches of the postbuckling equilibrium
path as depicted in Fig. Ib.

Results and Discussion
The results presented in the present paper are for small vibrations

about the static prebuckling and postbuckling equilibrium states
of simply supported flat and curved panels. The panels considered
have a square planform with dimensions i\ = 12 = £ and consist
of a single elastic layer of transversely isotropic material. For all of
the results presented herein, the elastic moduli and coefficients of
thermal expansion are constant nondimensional ratios with values
of E'IE — 5 and a'/a — 15, respectively. The elastic-modulus-
to-shear-modulus ratio E/G' is varied to determine the effects of
transverse-shear flexibility on the results. The results are presented
in the form of interaction curves that relate the applied load to the
square of the fundamental frequency as a function of the temperature
field, geometric imperfection amplitude, and degree of transverse-
shear flexibility. The square of the fundamental frequency o>2, the
applied inplane compression load N\\, and the applied transverse
pressure load p$ are represented in the figures by the following
nondimensional parameters:

(16)

(17)

(18)

(19)

7T4D

where mo is an inertia coefficient, D is given by

Eh3

~ 12(1 - v2)

and p = pi(l/2,1/2). At buckling, the parameter Ln corresponds
to the well-known definition of the buckling coefficient for isotropic
panels. Similarly, a nondimensional initial geometric imperfection
amplitude <$o is used in the figures and is given by

^(£/2,t/2)
(20)

Several results are presented that indicate the importance of
transverse-shear flexibility. The degree of transverse-shear flexi-
bility is indicated in the figures by the ratio E/G'. A value of
E/G' = 30, corresponding to panels with a moderate degree of
transverse-shear flexibility, and a value of panel length-to-thickness
l/h = 20, corresponding to moderately thick panels, were used to
obtain the results unless otherwise noted in the figures. For all of
the results presented, the temperature field is specified to be a single
half-sine wave along each coordinate direction and on both bounding
surfaces or the panels considered. For this temperature distribution,
7} and Te represent the amplitudes of the temperature distributions
on the bounding surfaces of a panel. Two through-the-thickness
temperature distributions are considered in the present study. One
temperature distribution has the same temperature (7} = Te) on
both panel surfaces, and the other temperature distribution has un-
equal temperatures (7} ̂  Te) on the panel surfaces. For all results
presented involving a through-the-thickness temperature gradient,
a constant amplitude value of Te = 70°F (21°C) is used. Results
for flat panels are presented in Figs. 2-6, and results for cylindrical
curved panels are presented in Figs. 7-11.

Results for Flat Panels
The effects of uniaxial compressive edge loads on the fundamen-

tal vibration frequency of geometrically perfect panels are shown in
Fig. 2 for two uniform temperature distributions of amplitude given
by 7} = Te = 70°F (21°C) and 7} = Te = 1500°F (815°C). The

Nondimensional
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frequency, 3 0

7C4D

——— E/G'=0
-----E/G'=50

^ = 1, = 70°F (21 °C)

• Bifurcation point

0.0 1.0 2.0 3.0 4.0 5.0 6.0
N P2

Nondimensional compressive edge load, L^ = "

Fig. 2 Effects of transverse-shear flexibility and uniform temperature
distribution on the fundamental frequency of flat compression-loaded
square panels.

Nondimensionai 3.0
fundamental

frequency,

7C4D

N £*Nondimensional compressive edge load, LH = -jW-

Fig. 3 Effects of transverse-shear flexibility and through-the-
thickness temperature gradient on the fundamental frequency of flat
compression-loaded square panels; ilh = 10, Te = 70°F (21°C).

5 = 0

Nondimensional
fundamental

frequency,
« «>2m0?4

7C4D

0.0 1.0 2.0 3.0 4.0

Nondimensional compressive edge load,

5.0 6.0

N e2
-

Fig. 4 Effects of uniform temperature distribution and initial imper-
fection amplitude 60 on the fundamental frequency of flat compression-
loaded square panels; E/G' = 30.

solid lines in the figure correspond to results for panels with neg-
ligible transverse-shear flexibility (E/G' = 0). The dashed lines
in the figure correspond to results for panels with a high degree of
transverse-shear flexibility (E/G' = 50). The results indicate that
the fundamental frequency decreases linearly with increasing edge
load prior to buckling for a given prebuckling thermal load. Increas-
ing the prebuckling load increases the in-plane compression load in
the panel that reduces the fundamental frequency resulting from the
additional bending moment caused by the nonlinear coupling of the
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Nondimensional
fundamental

frequency,

7C4D

N fNondimensional compressive edge load, L^ = ̂ TQ-

Fig. 5 Effects of through-the-thickness temperature gradient and ini-
tial imperfection amplitude SQ on the fundamental frequency of flat
compression-loaded square panels; EIG' = 30, Te = 70°F (21°C).

Nondimensional
fundamental

frequency, 6

7C4D

1000°F (538°C)

T: = 70°F (21 °C)

——— Temperature effect
----- Imperfection effect
......... Pressure effect

• Bifurcation point

N P2

Nondimensional compressive edge load, Ln = —±=-

Fig. 6 Effects of temperature distribution, initial imperfection ampli-
tude £o> and lateral pressure on the fundamental frequency of flat com-
pression-loaded square panels; EIG' = 30, Te = 70°F (21°C), ilh = 40.

Nondimensional
fundamental

frequency, 4-°

Nondimensional compressive edge load, £

Fig. 7 Effects of initial imperfection amplitude SQ on the fundametal
frequency of compression-loaded cylindrical panels with square plan-
form; HR2 = 0.5, EIG' = 30, Ti = Te = 70°F (21°C).

inplane load with the out-of-plane displacements. The fundamental
frequency decreases as either the transverse-shear flexibility or the
temperature increases in the prebuckling loading range. At buckling,
the fundamental frequency is zero valued, as indicated by the filled
circles in the figure. The highest value of the buckling coefficient,
LH = 4, is predicted for the panels with negligible transverse-shear
flexibility and 7} = Te = 70°F (21°C). The results also indicate that
the buckling coefficient decreases as the temperature or the degree
of transverse-shear flexibility increases. The results indicate that

Nondimensional
fundamental

frequency, 4 0

f / R 2 = 0.6 t / R 2 = 0.0

/ 2000°F /

T. = Te= 70°F (21 °C)

0.0 1.0 2.0 3.0 4.0 5.0

Nondimensional compressive edge load, L,, =

6.0

N^2

Fig. 8 Effects of panel curvature and uniform temperature distribu-
tion on the fundamental frequency of imperfect compression-loaded
cylindrical panels with square planform; EIG' = 30, 6$ = 0.2.

Nondimensional
fundamental

^ • o r ^ZZ/-r}^N11
T, = 2000°F(1093°C)

6.0
70°F

J21°C)

2 = o.O

5.0 6.0

_ Nn PNNondimensional compressive edge load, Ln = "

Fig. 9 Effects of panel curvature and through-the-thickness tempera-
ture gradient on the fundamental frequency of imperfect compression-
loaded cylindrical panels with square planform; EIG' = 30, #o = 0.2, Te

° °= 70°

the fundamental frequency increases as the load increases above the
buckling load. Panels with negligible transverse-shear flexibility or
a lower temperature have lower fundamental frequencies for a given
load level. The increase in fundamental frequency above the buck-
ling load is attributed to the redistribution of internal load and the
change in panel geometry that occurs after buckling. When a flat
panel buckles, it deforms into a mode shape that is a curved sur-
face. The curvature of the buckled panel increases the overall panel
bending stiffness that increases the fundamental frequency.

The effects of a through-the-thickness temperature gradient and
transverse- shear flexibility on the interaction of an applied compres-
sion load and the fundamental frequency of thin panels (ij h = 10)
are shown in Fig. 3. The through-the-thickness temperature gradient

.corresponds to surface temperature amplitudes Te = 70° F (21°C)
and 7} = 2930°F(1610°C). Results corresponding to auniform tem-
perature distribution with Tt = Te = 70°F (21°C) are also shown
in the figure for comparison. The panels with uniform temperature
distributions have perfectly flat prebuckling shapes and buckle at
the bifurcation points indicated by the filled circles on the abscissa.
The panels with a through-the-thickness temperature gradient have
small out-of-plane deflections at the onset of loading and, as a result,
the curves corresponding to 7} = 2930°F (1610°C) in the figure do
not have bifurcation points. Results for panels with a wide range of
transverse-shear flexibility given by E/G' = 0, 10, 30, and 50 are
shown in the figure. The results for the through-the-thickness tem-
perature gradient indicate a similar interaction between an applied
compression load and the fundamental frequency of the panels as
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Nondimensional
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frequency, 4.0
„ a)2 mj4

714D

NNondimensional compressive edge load, L,, = --

Fig. 10 Effects of uniform temperature distribution and initial imper-
fection amplitude #o on the fundamental frequency of compression-
loaded cylindrical panels with square planform; l/R2 = 0.5, EIG' = 30,

16.0

Nondimensional
fundamental 12 0

frequency,

7C4D

Nondimensional pressure, P0 = ̂

Fig. 11 Effects of panel curvature and uniform temperature distri-
bution on the fundametal frequency of cylindrical panels with square
planform and loaded by lateral pressure; EIG' = 50.

indicated for panels subjected to a uniform temperature gradient.
The fundamental frequency decreases monotonically as the pre-
buckling load increases and then increases monotonically as the
postbuckling load increases. The results indicate that increasing the
transverse- shear flexibility E/G' decreases the prebuckling funda-
mental frequency and increases the postbuckling fundamental fre-
quency for a given applied load level. The results also indicate that
the fundamental frequency decreases in the prebuckling load range
and increases in the postbuckling load range as the magnitude of the
through-the-thickness temperature gradient increases. The results
indicate that transverse-shear flexibility can significantly influence
the response of a panel in both the prebuckling and postbuckling
load ranges and should not be neglected in the analysis and design
of panels with this type of loading conditions.

The effects of initial geometric imperfections and a uniform
temperature distribution on the interaction of an applied compres-
sion load and the fundamental frequency of panels with moderate
transverse-shear flexibility (E/G1 = 30) are shown in Fig. 4. Re-
sults are given for surface temperature amplitudes 7} = Te = 70° F
(21°C) and 2000°F (1093°C) and for three different imperfection
amplitudes given by <$0 = 0, 0.2, and 0.4, where <50 equals the mag-
nitude of the imperfection amplitude at the panel center divided by
the panel thickness, and the imperfection shape is a half-sine wave
along each coordinate direction. The results shown in the figure for
($0 = 0 reveal the occurrence of buckling bifurcation indicated by
the filled circles on the abscissa consistent with the behavior of flat
panels without imperfections. The results indicate that the funda-
mental frequencies increase as the imperfection amplitude increases

for both the prebuckling and postbuckling load ranges and for both
temperature distributions. The panels with 7} = Te = 70°F (21°C)
generally have higher fundamental frequencies in the prebuckling
load range than the panels with 7} = Te = 2000°F (1093°C). The
opposite effect is predicted in the postbuckling load range.

The effects of a through-the-thickness temperature gradient and
an initial imperfection on the interaction of an applied compres-
sion load and the fundamental frequency of panels with moderate
transverse-shear flexibility (E/G' = 30) are shown in Fig. 5. The
through-the-thickness temperature gradient corresponds to surface
temperatures of amplitudes Te = 70°F (21°C) and 7} = 20QO°F
(1093°C). Results corresponding to a uniform temperature distri-
bution with Tt = Te = 70°F (21°C) are also shown in the figure
for comparison. The results shown in the figure for <50 =• 0 and
7} = Te = 70°F (21 °C) have bifurcation points indicated by the
filled circles on the abscissa consistent with the behavior of flat
panels without imperfections. The results indicate that the funda-
mental frequencies increase as the imperfection amplitude increases
for both the prebuckling and postbuckling load ranges and with or
without a temperature gradient. Panels with a temperature gradi-
ent have higher fundamental frequencies than corresponding panels
without a temperature gradient for most values of the applied load
when the imperfection amplitude is nonzero.

The effects of a through-the-thickness temperature gradient, a
transverse pressure load of amplitude po, and an initial geometric
imperfection amplitude 50 on the interaction of applied compression
loads and the fundamental frequency of thick panels (t/h = 40)
with 'E/G'- = 30 are shown in Fig. 6. Results for a uniform tem-
perature distribution [7} = Te = 70°F (21°C)], <50 = 0, and pQ = 0
are shown in the figure for comparison, and these results have a
bifurcation point indicated by the filled circle on the abscissa con-
sistent with the behavior of a perfectly flat panel. The solid lines on
the figure are the results for the through-the-thickness temperature
gradient, the long dashed lines are the results for the transverse pres-
sure load, and the short dashed lines are the results for the initial
geometric imperfections. The results indicate that a through-the-
thickness temperature gradient, a transverse pressure load, and an
initial geometric imperfection affect the panel behavior in a similar
manner. A through-the-thickness temperature gradient, a transverse
pressure load, or an initial imperfection cause out-of-plane prebuck-
ling deformation from the onset of loading, which causes the similar
behavior.

Results for Curved Panels
Initial geometric imperfections have a strong influence on the

design of compression-loaded curved panels. The effects of ini-
tial geometric imperfections on the interaction of applied com-
pression loads and the fundamental frequency of curved panels
with moderate transverse-shear flexibility (E/G' = 30) are shown
in Fig. 7. Results are given for a curved panel with a length-to-
radius ratio &/R2 = 0.5, a uniform temperature distribution with
Tii = Te = 70°F (21°C) and for four initial imperfection amplitudes
given by <50 = 0, 0.1, 0.4, and 0.6. The bifurcation point for the ge-
ometrically perfect curved panel is indicated on the abscissa by the
filled circle, and the collapse or limit point for a geometrically im-
perfect curved panel is indicated by the filled square. In general, the
results indicate that the fundamental frequency decreases monoton-
ically with increasing prebuckling load and increases monotonically
in the postbuckling load range. More specifically, the fundamental
frequency of the curved panels with <$0 = 0 and 0.1 decrease mono-
tonically with increasing prebuckling load. At buckling or collapse,
a curved panel changes equilibrium configuration and follows an
unstable equilibrium path corresponding to pure imaginary values
of the fundamental frequency. Once back on the stable postbuck-
ling path (indicated by real values of the fundamental frequency),
the fundamental frequency increases monotonically with increasing
load. A limit point is not present for the panels with the larger im-
perfection amplitudes given by <5o = 0-4 and 0.6. For these cases,
the panel response includes large nonlinear deformations as the ap-
plied load increases, and the results correspond to the monotonically
increasing load-shortening results for flat panels with large initial
imperfections. The load-frequency results for these curved panels
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are similar to the results for flat panels with large initial geometric
imperfection amplitudes.

The effects of panel curvature and uniform temperature distribu-
tions on the interaction of applied compression loads and the funda-
mental frequency of imperfect curved panels with E/G' = 30 and
5o = 0.2 are shown in Fig. 8. Results are presented for surface tem-
perature amplitudes Tt = Te = 70°F (21°C) and 2000°F (1093°C)
and for a length-to-radius ratio €//?2 = 0.6. Results for a flat panel
with l/R2 = Q are shown for comparison. The results indicate that
curved panels generally have higher fundamental frequencies in
both the prebuckling and postbuckling load ranges than flat panels.
The curved panels with 7} = Te = 2000°F (1093°C) have higher
fundamental frequencies over the entire load range than the curved
panels with the lower temperature. These results are different from
the results for the flat panels. The flat panels with 7]? = Te = 70°F
(21°C) generally have the higher fundamental frequencies in the
prebuckling load range, and the flat panels with 7} = Te = 2000° F
(1093°C) have the higher frequencies in the postbuckling load range.

The effects of panel curvature and a through-the-thickness tem-
perature gradient on the interaction of an applied compression load
and the fundamental frequency of imperfect curved panels with
E/G' = 30 and <50 = 0.2 are shown in Fig. 9. Results for a flat
panel with a uniform temperature distribution with 7} = Te = 70°F
(2PC) are included for comparison. The results indicate that the
fundamental frequency of the curved panels decreases monotoni-
cally with increasing prebuckling load and increases monotonically
in the stable postbuckling load range. The results also indicate that a
through-the-thickness temperature gradient generally decreases the
fundamental frequency of both the flat and curved panels in the pre-
buckling load range and increases the frequency in the postbuckling
load range.

The effects of initial imperfection amplitude and a uniform tem-
perature distribution on the interaction of an applied compres-
sion load and the fundamental frequency for curved panels with
a moderate degree of transverse-shear flexibility (E/G' = 30) and
i/R2 = 0.5 are shown in Fig. 10. Results for surface temperatures
of amplitude 7} = Te = 70°F (21°C), 500°F (260°C), and 2000°F
(1093°C) are shown in the figure for geometrically perfect panels.
The solid and dashed lines in the figure correspond to results for
<$o = 0 and 0.2, respectively. These results indicate that an initial
imperfection can significantly affect the behavior of curved panels
with uniform temperature distributions.

The effects of curvature and a uniform temperature distribution on
the response of curved panels loaded with external lateral pressure
are shown in Fig. 11. These results correspond to thick (t/h = 50)
geometrically perfect panels with a high degree of transverse-shear
flexibility (E/ G' = 50). The solid and dashed lines in the figure cor-
respond to results for 7} = Te = 70°F (21°C) and 1500°F (815°C),
respectively. These results indicate that increasing the panel curva-
ture for this type of loading increases the fundamental frequency in
the prebuckling range and decreases the frequency in the postbuck-
ling load range. The results also indicate that increasing the temper-
ature generally increases the fundamental frequency of the panels.
The results indicate that the fundamental frequency decreases mono-
tonically as the prebuckling load increases followed by a monotonic
increase in the frequency in the postbuckling load range.

Concluding Remarks
The results of a parametric study of the vibration response of flat

and curved panels subjected to thermal and mechanical loads are pre-
sented. The mechanical loads considered in the study are uniform
uniaxial compressive edge loads and transverse lateral pressure. The
temperature fields considered are associated with spatially uniform
heating over the panel surfaces and a linear through-the-thickness
temperature gradient. The analytical model used in the study is based
on a higher-order transverse-shear-deformation theory of shallow

shells that incorporates the effects of geometric nonlinearites and
initial geometric imperfections. Results are presented for simply
supported panels made from a single layer of transversely isotropic
material. The results identify the interactions of applied compression
loads and the fundamental frequencies of the panels in both the pre-
buckling and postbuckling equilibrium states. The results show that
transverse-shear flexibility, initial geometric imperfections, temper-
ature gradients, and transverse lateral pressure affect the interaction
of an applied compression load and the fundamental frequency of
both flat and curved panels. In general, the fundamental frequency
decreases monotonically as the applied compression load increases
in the prebuckling load range, but increases monotonically as the
applied compression load increases in the postbuckling load range.
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